Purpose. The purpose of this article is to show the performance of a topographer based on the Hartmann test for convex surfaces of F/# ϳ1. This topographer, called "Hartmann Test topographer (HT topographer)," is a prototype developed in the Physics Department of the Universidad Nacional de Colombia. Methods. From the Hartmann pattern generated by the surface under test, and by the Fourier analysis and the optical aberration theory we obtain the sagitta (elevation map) of the surface. Then, taking the first and the second derivatives of the sagitta in the radial direction we obtain the meridional curvature map. The method is illustrated with an example. Results. To check the performance of the HT topographer a toric surface, a revolution aspherical surface, and two human corneas were measured. Our results are compared with those obtained with a Placido ring topographer (Tomey TMS-4 videokeratoscope), and we show that our curvature maps are similar to those obtained with the Placido ring topographer. Conclusions. The HT topographer is able to reconstruct the corneal topography potentially eradicating the skew ray problem, therefore, corneal defects can be visualized more. The results are presented by elevation and meridional curvature maps. (Optom Vis Sci 2009;86:370-381) 
T he HT topographer described in this work is a prototype developed from the article by Mejía and Malacara 1 published in 2001. In that article the authors proposed a modified Hartmann test for measuring corneal topography. The Hartmann test is often used to measure the shape of aspherical concave mirrors such as astronomical mirrors. This test measures the transverse aberrations of sampled areas on the mirror under test with respect to a reference surface at some image plane. 2 An advantage of using the Hartmann test in corneal topography is that it is possible to remove the radial symmetry presented in the Placido rings topographers, and therefore the skew ray ambiguity is potentially eliminated; there is one to one correspondence between stimulator points and image points. The skew ray problem arises in topographers that can distinguish only radial components and it is notorious when the shape of the cornea under test differs from a surface of revolution. If the cornea does not differ so much from a surface of revolution then the corneal reconstruction is acceptable. 3 In Mejía and Malacara 1 it is shown that we can apply the Hartmann test for corneas if instead of a flat screen with holes (as in the usual Hartmann test) we used an ellipsoidal screen with holes, Fig. 1 . The shape of the screen and the distribution and geometry of the holes in the screen are discussed in detail in that article. The ellipsoidal shape of the screen is such that the virtual image of the screen (internal surface) formed by a reference sphere is a plane surface when the sphere is at the correct position. This plane surface corresponds to the mean image surface (the arithmetic mean of the astigmatic surfaces), i.e., the surface where the circles of least confusion for object points are obtained. 4 Therefore, the image of all holes will be in the best focus plane. It means that if we use screens with other shapes such as cylindrical screens, as in many Placido rings topographers, it is not possible that the whole stimulus pattern on the screen (rings) is in focus, consequently, we will have images with some distortion. So, for a good reconstruction of the corneal shape with Placido rings topographers we have to take into account the distortion in the images due to the shape of the screen.
In this article, we proposed to measure the corneal topography using an ellipsoidal screen with holes (object points) distributed in such a way that the virtual image of the holes formed by a reference sphere of radius 7.78 mm is a square array of circular spots (image points), i.e., a Hartmann test for convex surfaces as each image point samples a small area of the surface under test. 2 This is similar to the method proposed by Sicam et al., 5 where they use a colored pattern (a modified chessboard) on a cylindrical screen and the corneal reconstruction is made by using a ray-tracing algorithm. 6 But our method reduce the distortion in the images due to the shape of the screen, and because our images are Hartmann patterns, we find the Fourier analysis 7 convenient for determining the corneal shape. The Fourier method, basically, consists of the following steps: (a) calculate the Fourier transform of the Hartmann pattern that corresponds to the test surface and the Fourier transform of the Hartmann pattern that corresponds to reference sphere, (b) isolate the first harmonics (sidelobes) by choosing the appropriate filtering window in both Fourier spectrums, and (c) determine the phase maps, i.e., the surface derivatives in the x (horizontal) and y (vertical) directions. 8 Once we get the phase maps, from the integration method also based on the Fourier transform 9,10 the sagitta (elevation map) of the test surface is recovered. The relation between the phase maps and the sagitta is given by the optical aberration theory. 11 Finally, we can get the meridional (tangential or instantaneous) curvature map from the first and second derivatives of the sagitta in the radial direction.
12

METHODS
The HT Topographer Fig. 2 shows the sketch of our prototype, the HT topographer. It consists of the ellipsoidal screen, the imaging optical system and the alignment and focusing optical system. The screen (Fig. 1) was made using the fused deposition modeling (FDM) technology. FDM is a layered manufacturing method that extrudes a thin bead of plastic (ABS), one layer at a time. The thickness of the screen is 3 mm, and the lengths of the semimajor axis and semiminor axis of its inner surface are 93.1 and 26.9 mm, respectively. With these parameters the distance between the cornea and the anterior vertex of the screen (PЈ) is approximately fixed at 180 mm, Fig. 2 . The distribution of the holes in the ellipsoidal screen was made in order that the distance between two consecutive image points in the virtual image plane was 0.4 mm along the horizontal or vertical direction for the reference sphere. To see the image points, we insert a segment of plastic multimode optical fiber into each hole. The diameters of the segments vary according to the size of the holes (ranging from 0.35 to 0.95 mm). By lighting the ellipsoidal screen from outside (with a helicoidal fluorescent red lamp), the holes are viewed from inside as spots of light. Therefore, at the virtual image plane, we can see a square array of image points (circular spots of light), that is, a Hartmann pattern. A total of 253 holes was made in the screen what allows us to measure a region of 7.2 mm in diameter on the reference sphere, Fig. 3a . To cover a greater region we can reduce the diameter of the eye side aperture of the ellipsoidal screen ( Fig. 1 ) after the geometrical shape of the ellipse (Fig. 2 ), but it is limited by the eye orbit. So in practice we can not increase so much the corneal region. Our topographer, as the Placido rings topographer, suffers from this limitation. The reference sphere of radius r ϭ 7.78 mm was made of BK7 glass (peak-valley error of 0.1 m).
The position of the eye in relation to the HT topographer is an important aspect of the measurement process. On the one hand, we have to make sure that the visual axis of the eye coincides with the optical axis of the HT topographer, and on the other hand the Hartmann pattern has to be in focus. By doing so, the Hartmann patterns do not enclose distortions due to tilt or defocus. 4 To align the visual axis with the optical axis a light-emitting diode (green) is used. The emitted light is focused onto the pinhole P and with the lenses L3 and L1 we get the conjugate image PЈ of P at the vertex of Ellipsoidal screen with holes to apply the Hartmann test in corneal topography. In each hole a small light source (optical fiber) is inserted. The reflection of this light pattern on the cornea yields the image points in the Hartmann pattern.
FIGURE 2.
Squematic setup of the HT topographer for testing corneal surfaces.
Corneal Topographer Based on the Hartmann Test-Mejía and Galeano 371 ellipsoidal screen (Fig. 2) . In this manner, PЈ corresponds to the central image point in the Hartmann patterns. Then the patient has to gaze at the conjugate image PЈ while the test is being carried out. It guarantees that the visual axis coincides with the optical axis. To focus the Hartmann pattern formed by a cornea the eye has to be at the correct axial position. It is achieved with a joystick which can be moved sideways, backwards and forwards to control the position of the HT topographer in relation to the eye. While this operation is done we first check that the image of PЈ is at the center and focused, and then we check that most image points of the Hartmann pattern are focused. In practice one will see the image of PЈ focused within a square-mire, Fig. 3 .
To image the Hartmann pattern on the Charge-Coupled Device (CCD) sensor (real image plane) we use the lens L1 and L2 in a confocal configuration (it minimizes the distortion that the imaging optical system produces), Fig. 2 . The images obtained with the CCD camera are fixed at 480(H) ϫ 480(V) pixels. The beam splitter BS joins the imaging optical system with the alignment and focusing optical system. The aperture stop is located at the anterior vertex of the ellipsoidal screen (at PЈ) as Mejía and Malacara 1 suggested. Fig. 3b shows the corresponding Hartmann pattern for a cornea. Note that from this image it is easy (and direct) to determine the eye-pupil diameter and its center location. This is an advantage of our topographer because in some computer-assisted videokeratographs the eye-pupil edge detection is done indirectly by digital image processing algorithms.
Corneal Surface Reconstruction Method
To get the corneal shape (elevation and curvature maps) we use the fact that the distortion of the Hartmann pattern that corresponds to the test surface in comparison to the Hartmann pattern that corresponds to the mean sphere accounts for the transverse ray aberrations of the test surface in relation to the mean sphere. The reflected rays deviate according to the surface's slopes. The mean sphere is defined as the sphere whose variance in comparison to the test surface is minimum.
Let W͑x, y͒ ϭ SЈ͑x, y͒ Ϫ S͑x, y͒ be the difference between the sagittas of the test surface and the mean sphere. The relation of the slope difference of SЈ and S and the transverse aberrations is given by
where W x ϭ ‫ץ‬W/‫ץ‬x and W y ϭ ‫ץ‬W/‫ץ‬y are the local slopes of W, ⌬x and ⌬y are the transverse aberrations (distortion of the Hartmann pattern), and R m is the radius of the mean sphere. In practice, we do not have the Hartmann pattern that corresponds to the mean sphere but the Hartmann pattern that corresponds to the reference sphere. In spite of this, according to Mejía, 11 the Hartmann pattern that corresponds to the mean sphere can be determined approximately by changing the size of the Hartmann pattern that corresponds to the reference sphere by the factor R m /R (R is the radius of the reference sphere). R m is calculated from the ratio of the mean deviation of the radial position of the image points with respect to the centroid for both images: the image formed by the test surface and the image formed by the reference sphere, that is r md Ј /r md , where Hartmann patterns (a) for the reference sphere of radius 7.78 mm, (b) for a right eye's cornea. From the last pattern, it is easy (and direct) to determine the eye-pupil diameter and its center location.
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In Equations 3 and 4 r i Ј ϭ ͑x i Ј , y i Ј ͒ and r i ϭ ͑x i , y i ͒ are the position vectors of the i-th image point in the Hartmann patterns for the test surface and the reference sphere respectively; what we have done is to obtain an approximate value for the radius of the mean sphere, but as we will show later this value is very close to the actual value. This value will be corrected when we find the analytical expression for the sagitta of the test surface.
The transverse aberrations ⌬x and ⌬y for the i-th image point are found by:
Note that in Eqs. 1 and 2 we include the radius of the mean sphere instead of the radius of the reference sphere. It is important because in optical aberration theory these equations are valid if the transverse aberrations are much less than the radius of the reference sphere, and in our case, it is achieved if for each surface under test we get the radius of the corresponding mean sphere. On the other hand, the Hartmann pattern generated by the reference sphere is captured once and saved in the computer memory, and then we only capture the Hartmann patterns for the surfaces under test. So, with Eqs. 3, 4, and 5 we get the Hartmann pattern that would correspond to the mean sphere in each case.
Once R m , ⌬x, and ⌬y are obtained, we have to integrate Eqs. 1 and 2 for getting W. By adding S (sagitta of the mean sphere) to W the sagitta SЈ of the test surface is recovered. The integration method that we will use in this article is the one proposed by Roddier and Roddier. 9 This method is based on the fact that the Fourier transform of a function is known if its derivatives in x and y are known, 10 that is:
where v x and v y are the coordinates in the Fourier domain which correspond to the spatial coordinates x and y respectively, ℑ͕ ͖ denotes the Fourier transform, and i ϭ ͱϪ1 is the imaginary unit. In Eq. 6, it is supposed that W x and W y are continuous at ͑x, y͒ domain, but Eqs. 1 and 2 are defined over a discrete domain (at the image points of the Hartmann pattern). Therefore, we have to interpolate the W x and W y data over ͑x, y͒ domain. The interpolation method used in this article is also based on the Fourier analysis. This method is discussed in detail in Mejía 8 ; the basic ideas of the procedure are presented as follows.
Let us suppose that the Hartmann patterns are noise free. This noise is generated either by the intrinsic noise of the CCD (photon noise, read noise, thermal noise) or because there is a background lighting in the original image. So the Hartmann pattern for the mean sphere can be written as a Fourier series:
and the Hartmann pattern for the test surface can be written as:
In Eqs. 7 and 8 c mn are the Fourier coefficients (m, n ϭ 0, 1, 2, 3, . . .) and k ϭ 2/p with p the spatial period of the Hartmann pattern that correspond to the mean sphere. The initial phases 0m and ␥ 0n tell us how the distortion in the Hartmann pattern for the mean sphere is, and the phases m and ␥ n tell us how the additional distortion in the Hartmann pattern for the test surface is. If the initial phases are equal to zero the image points in the Hartmann pattern for the mean sphere are located at the intersections of the square grid. The circle function, circ( ), defines the circular pupil that bounds the Hartmann patterns and r is the pupil radius.
As the fundamental harmonics (sidelobes) of the Fourier series contain the information about the position of the spots of the Hartmann pattern, it is customary to discard the secondary harmonics, which carry the information about the structure of the image points. Consequently, the Fourier series that represent the Hartmann patterns can be reduced to g͑ x, y͒ ϭ ͓c 00 ϩ c 10 cos͑kx ϩ 01 ͑x, y͒͒ ϩ c 01 cos͑ky ϩ ␥ 01 ͑x, y͔͒͒ circ͑ͱx 2 ϩ y 2 /r͒ (9) and h͑ x, y͒ ϭ ͓c 00 ϩ c 10 cos͑kx ϩ 01 ͑x, y͒ ϩ 1 ͑x, y͒͒ ϩ c 01 cos͑ky
where the phases 1 and ␥ 1 are related to the transverse aberrations by 1 ϭ Ϫk⌬x and ␥ 1 ϭ Ϫk⌬y, therefore
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Equations 9 and 10 represent the sum of horizontal and vertical fringe patterns. The profile of these fringes is cosine square type. Taking into account this fact we replace the Hartmann patterns (Fig. 4a) by a cosine square fringe patterns that follow the centroid image points. The centroids are computed according to Olarte and Mejía. 13 In addition, we apodize the pupils in Eqs. 9 and 10 with a Gaussian function to reduce the edge effects in the Fourier spectrum (high spatial frequencies). 8 Thus, the fringe pattern is smoothed from the center to the pupil border (Fig. 4b) . The Fourier spectrum of the fringe patterns will consist of a central lobe and four symmetric sidelobes at the axis v x and v y , and (Fig. 4c) , Ϯv 0x and Ϯv 0y are the positions of the four sidelobes, and the symbol * denotes the convolution operation. Now we follow the usual demodulation procedure, 14 for instance, we can isolate the sidelobes located at the right side and at the upper side with circular filtering windows (Fig. 4c) . Thus
c 10 ␦͑v x Ϫ v 0x ͒*ℑ͕exp͓i 01 ͑x, y͔͖͒ ͬ (15) and 
and
where ℑ Ϫ1 ͕ ͖ denotes the inverse Fourier transform operation. Finally, taking the inverse tangent function of the imaginary part divided by the real part of Eqs. 19 and 20 we get the phase maps 1 (Fig. 4d ) and ␥ 1 (Fig. 4e) , respectively. As these phases are defined over a continuous domain, then the slopes W x and W y are also defined over a continuous domain from Eqs. 11 and 12. Strictly speaking, we do not have continuous functions but discrete pixel images. On the one hand, the image format used in this work is 480(H) ϫ 480(V) pixels, and on the other hand, we compute the Fourier transform using the two-dimensional Fast Fourier Transform (FFT) which is a discrete algorithm. The result of compute the FFT of an image is other image of the same format. In our application, images of 480(H) ϫ 480(V) pixels can be considered as continuous functions. Now we can use Eq. 6 to determine W. Note that W is obtained after taking the inverse Fourier transform of the right term of Eq. 6. W represents an elevation map of the test surface in comparison to the mean sphere (Fig. 4f) . This representation is more convenient than the sagitta map of the test surface as it allows us to see the topographical variations clearly.
The meridional curvature map is deduced from the sagitta of the test surface SЈ͑ ϭ W ϩ S͒ by calculating the first and second derivatives in the radial direction. These derivatives can be
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obtained quite straightforwardly if we have an analytical representation of SЈ. It is achieved with a polynomial fitting, for instance, through Zernike polynomial fitting. Following the method suggested by Schwiegerling et al. 15 we computed the coefficients of the Zernike polynomials up to seventh order. As S represents the mean sphere, we know its analytical expression in advance, it means that we only need to fit W, that is
where we have used polar coordinates ͑,͒ instead of Cartesian coordinates ͑x, y͒ for representing W, with ϭ ͱx 2 ϩ y 2 /r the radial coordinate (ranging from 0 to 1) and ϭ tan Ϫ1 ͑x/y͒ the azimuthal angle. Note that the radial coordinate ͱx 2 ϩ y 2 is normalized by the maximum radial extent of the data r (pupil radius), and the angle is measured with respect to the y axis. The normalization of the radial coordinate is done because the Zernike polynomials Z n m are a set of functions that are orthogonal over the continuous unit circle, which is a significant advantage because each of the fitting coefficients ␣ n,m depends only on its corresponding function Z n m and W. 15, 16 Here, the coordinate system has its origin at the intersection of the visual axis and the corneal surface (corneal vertex). In this representation, W has 36 coefficients, in particular ␣ 1,Ϫ1 and ␣ 1,1 account for the centeredness of the surface vertex (tilt about x axis and tilt about y axis, respectively); ␣ 2,Ϫ2 , ␣ 0,2 , and ␣ 2,2 are related to the amount of astigmatism and defocus of the surface; and the rest represent the high-order aberrations such as coma and spherical aberration. It means that the Zernike expansion classifies the deformations of the surface. In Appendix, the Zernike polynomials up to seventh order used in this article are listed (see Appendix, Supplemental Digital Content 1, http://links.lww.com/A791).
A meridian is defined by a fixed value of , therefore the meridional power is given by 12 c ϭ 337.5
Corneal Surface Reconstruction Example
The corneal reconstruction method described earlier is summarized in Fig. 4. Figs. 4a to 4c concern the test surface (cornea). Similar figures are obtained for the mean sphere (Fig. 3a) . Fig. 4a is the Hartmann pattern generated by the right eye's cornea that is shown in Fig. 3b . Under the illumination conditions of the HT topographer the eye-pupil has a diameter 4.71 Ϯ 0.02 mm, and the center of the eye-pupil is at (x ϭ Ϫ 0.40 Ϯ 0.01 mm, y ϭ Ϫ0.06 Ϯ 0.01 mm) from the corneal vertex. The corneal surface is evaluated within a region of 7.01 mm in diameter. Fig. 4b is the fringe pattern that replaces the Hartmann pattern of Fig. 4a . The gradual reduction of the amplitude of the fringe pattern is noticeable. This apodization reduces the noise in the Fourier spectrum and therefore we have an optimal filtering of the sidelobes. Fig. 4c is the Fourier spectrum of the fringe pattern in Fig.  4b . In this figure, we have included the circular windows to isolate the right and upper sidelobes. The isolating process is done first for one sidelobe, and then for the other in both images: the Fourier spectrum for the cornea and the Fourier spectrum for the mean sphere. The location of each sidelobe gives information about the mean spatial period of the Hartmann pattern along the x and y directions, and the structure of the sidelobes gives information about the derivatives of the corneal surface in the x and y directions.
Figs. 4d and 4e are the phase maps 1 and ␥ 1 , respectively, and these are related to the difference of the derivatives of the corneal surface and mean sphere in the x and y directions through Eqs. 11 and 12. The colorbar scale is given in radians. By solving Eq. 6 the elevation map W is obtained. Fig. 4f is the elevation map W ϭ SЈ Ϫ S, i.e., the elevation of the corneal surface in comparison to its corresponding mean sphere; in this case we have R m ϭ 7.60 Ϯ 0.01 mm. This map is more useful than the absolute elevation map because in this manner it is possible to see clearly the corneal surface variations over the evaluation region. The colorbar scale is given in millimeters.
The elevation map of Fig. 4f is actually the polynomial fitting of W data according to Eq. 21, and in this case we have the coefficients ␣ 2, Ϫ 2 ϭ 0.0025 mm, ␣ 2,0 ϭ Ϫ0.0025, mm and ␣ 2,2 ϭ Ϫ0.0013 mm. With the second order coefficients we can obtain an approximately value for sphere, cylinder, and axis of the cornea through a pupil of radius r as:
where R m Ј ϭ ͑1/R m ϩ 4␣ 2,0 /r 2 ͒ is the actual radius of the mean sphere (second order approximation), it means that 4␣ 2,0 /r 2 is the correction that we have to add to 1/R m . Remember that, at the start of our description about the corneal surface reconstruction, we calculate the radius of the mean sphere from the ratio of the mean deviation of the radial position of the image points of both Hartmann patterns (for the test surface and reference sphere); it is an approximate method. The term 4␣ 2,0 /r 2 is the correction term for the mean sphere because the Zernike polynomials are a set of orthogonal functions and therefore each Zernike polynomial (except for Z 0 0 ) has a mean value of zero, and with the fitting coefficients ␣ n,m each Zernike term has a minimum variance. So the variance of the surface that fits the cornea will be equal to the sum of the variances of the individual polynomial terms. 16 By multiplying Eqs. 23 and 24 by the keratometric constant, 337.5, we have the sphere and cylinder in diopters. In Eq. 25, axis gives the 376 Corneal Topographer Based on the Hartmann Test-Mejía and Galeano direction of the meridian (in the astigmatic surface) of maximum curvature.
After replacing the values of the coefficients ␣ 2,Ϫ2 , ␣ 0,2 , and ␣ 2,2 in Eqs. 23 to 25 we find that: sphere ϭ 44.25, cylinder ϭ 0.35 D, axis ϭ Ϫ31°. The radius of the mean sphere is R m Ј ϭ 7.65 Ϯ 0.01 mm (44.08 D). It shows us that the correction in the radius of the mean sphere is Ͻ0.7%, therefore the first method to find the mean sphere is quite reliable.
Fixing our attention to the elevation map of Fig. 4f we can see that most corneal surface follows the mean sphere (blue regions between Ϫ2 ϫ 10 Ϫ3 mm and 2 ϫ 10 Ϫ3 mm), but there is an elevated circle-shaped area centered (approximately) at x ϭ Ϫ0.64 mm and y ϭ Ϫ0.41 mm. This elevation reaches 5 ϫ 10 Ϫ3 mm over the mean sphere, so there is a small irregularity. Note that this irregularity can not be described in terms of the sphere, cylinder, and axis, in other words, in terms of Zernike polynomials of second-order, but we need the Zernike polynomials of high-order.
Finally, Fig. 4g shows the meridional curvature map obtained from Eq. 22. Again, this map confirms that the cornea under test has a light astigmatism and that there is an irregularity on the left and below to the corneal vertex. The blue area at the upper right edge of the map reveals peripheral flattening on the cornea, what is seen in the Hartmann pattern of Fig. 3b at the upper right as an increase in the separation of image points in that region. On the other hand, the red areas in the peripheral region (upper left and lower right) suggest artifact information. To improve the accuracy on the peripheral region we have to optimize the surface reconstruction. In the optimization process, for instance, we have to consider up to which order of Zernike polynomials it is necessary to take into account for the surface fitting, and what image processing we have to do in the phase maps before taking the Fourier transform to reconstruct the saggita in Eq. 6. The image processing is necessary to reduce errors due to the boundaries of the region that is transforming. 9 This improvement will be done in a future work.
RESULTS
Test Surfaces
The performance of the HT topographer in reconstructing test surfaces is demonstrated for the following surfaces:
1. Toric surface made of Polymethylmethacrylate (PMMA) plastic with nominal principal radii R min ϭ 7.62 Ϯ 0.02 mm and R max ϭ 7.82 Ϯ 0.02 mm. 2. Aspherical surface of revolution made of PMMA plastic. This surface is a conic with nominal vertex radius 7.62 mm and eccentricity e Х 1 (a paraboloid). 3. Right eye's cornea. 4 . Left eye's cornea.
As reference surface we have a sphere of radius 7.78 mm made of BK7 glass (peak-valley error of 0.1 m); it was measured with a Fizeau interferometer (made by Zygo). The toric and aspherical surfaces were made by a company that produces contact lenses; the manufacturer used a radiuscope to get the nominal values. The two human corneas belong to a 42-years-old man (first author of this article) who wears eyeglasses with the following prescrip-
Elevation and Curvature Maps
As the HT topographer gets the meridional curvature from the elevation map, we first present the elevation map and then we compare the meridional curvature maps obtained with the HT and Placido rings topographers. We use meridional curvature maps because these are the maps that more closely represent the actual curvature of the cornea over the axial curvature maps. Figs. 5 to 8 show the elevation and curvature maps for the four test surfaces mentioned above. In each case (a) and (b) are the elevation and meridional curvature maps from HT topographer respectively, and (c) is the meridional curvature map from the Tomey TMS-4 topographer. As the elevation and curvature maps from HT topographer are shown in regions that are around 7.0 mm in diameter, to make the comparison easier, we show the curvature maps from the TMS-4 topographer within region of 7.0 mm in diameter.
Before comparing the corneal parameters obtained with both topographers we have to keep in mind that parameters such as "mean sphere," sphere, cylinder, and axis, do not have the same meaning for both topographers. In the HT topographer prototype these corneal parameters are obtained from the coefficients of the Zernike polynomials of second-order, so mean sphere (a paraboloid indeed) and cylinder correspond to the best sphere and the best astigmatic surface that fit the whole corneal surface (in a region of radius r). In the Tomey TMS-4 topographer AveK (average curvature), the Sim K values (Ks and Kf), and the MinK value are powers measured in certain points in the paraxial region. Then, in the first case we have global parameters; in the second case we have local parameters. It means that the corresponding values do not necessarily agree. In spite of this, we can see that for the four test surfaces there is a good agreement between the corresponding curvature maps (taking into account the colorbar scale). In this article, our comparison will be qualitative. A quantitative comparison will be considered in a future article.
The comparison between the results obtained with both topographers is done using the parameters: sphere, cylinder, and axis, and the mean sphere. Let us express these values in the minuscylinder form and mean sphere as (S Ϫ C ϫ ; M), where S denotes sphere (Ks), C denotes cylinder (Cyl), denotes the angle measured with respect to x axis, and M (AveK) denotes mean sphere.
As axis is measured with respect to y axis, then ϭ 90°-axis. The precision in the radii of curvature data is 0.02 mm (0.1 D).
The background color in the elevation maps (Figs. 5a to 8a) appoints the zero value and it represents the mean sphere. The background color in the curvature maps (Figs. 5b to 8b ) appoints the curvature value that corresponds to the mean sphere.
Toric Surface
From the elevation map we can see that the difference between the sagittas of this surface and its mean sphere is not a perfect saddle-shaped surface; it means that this surface is a poor approximation for a true toric surface (Fig. 5) . It is confirmed Corneal Topographer Based on the Hartmann Test-Mejía and Galeano 377 378 Corneal Topographer Based on the Hartmann Test-Mejía and Galeano . According to the HT topographer data, we have R min ϭ 7.65 Ϯ 0.01 mm and R max ϭ 7.83 Ϯ 0.01 mm. Here we can not compare the angle because the toric surface was not set up in the same orientation in both topographers.
Aspheric Surface
The elevation map shows that it is a surface of revolution. Both curvature maps are similar (Fig. 6) . From the HT topographer, we have that the radius at the vertex is 7.58 Ϯ 0.01 mm (44.52 D), and the mean sphere is 8.28 Ϯ 0.01 mm (40.74 D). Note that the corresponding value for the mean sphere in the TMS-4 topographer, that is the AveK, is 7.88 mm (42.81 D).
Right Eye's Cornea
This surface was analyzed in detail when we present the example of the cornea reconstruction method (Figs. 4 and 7) . 
Left Eye's Cornea
From the elevation map, we can see that this cornea is mainly an astigmatic surface, but it is not a symmetrical surface (Fig. 8) . This asymmetry is also seen in the bow tie pattern in both curvature maps. The results from HT topographer are (44.85 Ϫ 1.02 ϫ 94°; 44.29) and from the TMS-4 topographer are (45.57 Ϫ 1.27 ϫ 91°; 44.94), and MinK ϭ 44.28. The parameters for the eye-pupil from the HT topographer are: diameter D ϭ 4.92 mm and coordinates (x ϭ 0.44 mm, y ϭ Ϫ0.06 mm); and from the TMS-4 topographer are: diameter D ϭ 3.69 mm and coordinates (x ϭ 0.27 mm, y ϭ Ϫ0.06 mm).
For the examples used in this study we can conclude that our prototype based on the Hartmann test gives reliable results; on qualitative criteria, the meridional curvature maps are similar to that produced by Placido rings topographers. In our comparison, we have only used the coefficients of the Zernike polynomials of second-order, but it is apparent that a complete description of the shape of the corneal surface requires the analysis of the coefficients of high-order because they account for irregularities in the corneal shape. Theoretically, the HT topographer can eradicate the skew ray problem, but we have to make a more complete evaluation with irregular corneas to conclude that in practice it is done for any kind of cornea. In a future article, we will present a quantitative comparison to validate the HT topographer.
In this article, we have used an algorithm based on the Fourier analysis; first we obtain the elevation map and from this, the meridional curvature map. Although there are other methods that can be applied to reconstruct the sagitta from the Hartmann patterns, such as ray tracing methods and modal wavefront reconstruction methods, we have found that with the Fourier analysis it is also possible to reconstruct corneal topography.
Finally, with the prototype showed in this article we have sampled the surface under test with a discrete set of points spaced at intervals of width 0.4 mm (approximately) in both directions, x and y. According to the sampling theorem, 17 the surface can be reconstructed exactly if the interval between samples is not greater than certain limit. This limit (the maximum spacing) is given by 1/ 2v max where v max is the maximum spatial frequency of the Fourier spectrum of the surface. It implies that the surface to be sampled must be band-limited; that is, spatial frequencies of the surface above a certain bound should be zero, or at least sufficiently close to zero to allow us to neglect its influence on the resulting reconstruction. We are supposing that the cornea is a smooth surface (low spatial frequencies) and according to the sampling theorem the local variation that we can measure are about 1.25 lines per millimeter in spatial frequency. So, to increase the resolution we have to increase the sampled density, it means, we have to make other ellipsoidal screen. Then, in practice, as in the Placido rings topographers, we can have several screens for different resolutions.
CONCLUSIONS
We have shown with the examples used in this study that the prototype "HT topographer" yields reliable results on corneal topography. On the basis of a Fourier algorithm, we show how it is possible to obtain the elevation map and the meridional curvature map. The elevation map is particularly useful because it offers a better visualization of the precise location of corneal defects. When we compare the meridional curvature maps of both topographers, the HT topographer and the Tomey TMS-4 topographer, we can see that these maps give similar results, but at this time we have done a qualitative comparison because the parameters such as "mean sphere", sphere, cylinder, and axis are measured in different ways; in the HT topographer these are global values, in the Tomey TMS-4 topographer these are local values. In a future article we present a qualitative comparison to validate the HT topographer.
